Proof of Fibonacci prime residue property

All primes p divide the 2p(p? — 1)-th Fibonacci number.

Question taken from Napkin.

Oisin Davey



1 Proof

Theorem 1.1. p | Fy,(p2_1) where p is prime and F), is the n-th Fibonacci number.

1 1

Define the Fibonacci group F like so: F £ { (1 0

) € M**?(Z\ pZ)|nec NO}

The group axioms hold trivially.

11\
Note that det (1 0) =(-1)", and sodet A =£1VA€F
Define the alternate special linear group SLE(Z\pZ) as {A € M*2(Z\ pZ)|det A = +1}
Again, the group axioms hold trivially.

SLE(Z\ pZ) is a supergroup of SL, (Z\ pZ). Define SLy as the coset of SL,,(Z\ pZ) with
some A in the supergroup with determinant —1. I claim that this completes the extension.

Suppose, for sake of contradictiotn, that 3 IT € SLf(Z \ pZ) which is not within
SL,.(Z \ pZ) U SLp. By definition detIl = +1, but we know detIl # 1 by the supposi-
tion, so det IT = —1.

Clearly, II = (ITA71)A, but det(ITA™!) = & = =1 = 1. Tt follows that IIA™! €
SL,,(Z \ pZ), and so II must be in the coset. By contradiction, the alternate special linear
group can be formed as a single coset expansion of the special linear group. By Lagrange’s

theorem, it must then have double the order.

The order of the special linear group is p(p? — 1), and so the order of the alternate special
linear group is 2p(p? — 1). The Fibonacci group is a proper subgroup and so its order is a

proper divisor of 2p(p? — 1), again by Lagrange’s theorem.

1 1\"
<1 0)1 mod p.
1,1

)

The Fibonacci sequence modulo p is given by F,, =

1 1
The order of L 0 is a divisor of the order of F, which is a divisor of 2p(p? — 1), so

Fop(p2—1) must have zero residue modulo p. QED.

2 Comments

There may be a much simpler proof of this theorem, but I wanted to use my knowledge of
group theory here, and I'm a fan of the Fibonacci group. This proof isn’t exactly verbose
but it’s more for me than anyone else so who cares! 1 was quite shocked to find that there

is no accepted name for SLf(Z \ pZ), given how straightforward of a group it is.
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